In this Letter, we study the quantum Fisher information (QFI) and hence the multipartite entanglement structure of thermal pure states in the context of the Eigenstate Thermalization Hypothesis (ETH). In both the canonical ensemble and the ETH, the quantum Fisher information may be explicitly calculated from the response functions. In the case of ETH, we find that the expression of the QFI bounds the corresponding canonical expression from above. This implies that although average values and fluctuations of local observables are indistinguishable from their canonical counterpart, the entanglement structure of the state is starkly different; with the difference amplified, e.g., in the proximity of a thermal phase transition. We also provide a state-of-the-art numerical example of a situation where the quantum Fisher information in a quantum many-body system is extensive while the corresponding quantity in the canonical ensemble vanishes. Our findings have direct relevance for the entanglement structure in the asymptotic states of quenched many-body dynamics.
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Introduction.-Thermalization is the phenomenon with the highest degree of universality occurring in manybody physics [1] . The question of how and why thermalization emerges from unitary quantum time evolution was posed even in the inception of quantum theory by some of its founding fathers [2] [3] [4] . Definitively, Nature shows us that the evolution of a pure, thermally isolated system typically results in an asymptotic state that is indistinguishable from a finite temperature Gibbs ensemble by either local or linear response measurements. One predictive framework for understanding thermalization from quantum dynamics is the Eigenstate Thermalization Hypothesis (ETH). Inspired by early works by Berry [5, 6] , later formulated by Deutsch [7] , ETH was fully established by Srednicki as a condition on matrix elements of generic operatorsÔ in the energy eigenbasis [8] [9] [10] . Subsequently, ETH has motivated a considerable body of numerical work over the past decade [11] [12] [13] . Far from being an academic issue, thermalization in closed quantum systems is now regularly scrutinized in laboratories worldwide where advances in the field of ultra-cold atom physics have allowed probing quantum dynamics on timescales unprecedented in condensed matter physics [12, [14] [15] [16] .
Whenever ETH is satisfied, standard measurements will not be able to contrast the coherence of a pure state with that of a statistical mixture. Therefore, a question that naturally comes to mind is: will pure state dynamics possess detectable features beyond thermal noise? This question, posed recently by Kitaev [17] in the context of black-hole physics, lead him to suggest the study of a peculiar type of out-of-time-order correlations (OTOC), originally introduced by Larkin and Ovchinikov [18] . This object, as a result of a nested time structure, detects quantum chaos and correlations beyond thermal ones. It was recently shown [19, 20] that OTOC are controlled by correlations beyond ETH. Despite its promising features, the interpretation of the connection between the OTOC and the underlying quantum state dynamics is however in general complex.
The purpose of this Letter is to show that the task of discriminating a pure state that "looks" thermal from a true, thermal Gibbs density matrix might be better achieved by a simpler physical quantity: the Quantum Fisher Information (QFI) [21] [22] [23] , a quantity of utmost important in metrology [24] and entanglement theory [25, 26] . The first observation of our work is that the QFI computed in the eigenstates of the Hamiltonian F ETH (or in the asymptotic state of a quenched dynamics), and the one computed in the Gibbs state at the corresponding inverse temperature β, F Gibbs [27, 28] , satisfy the inequality F ETH ≥ F Gibbs , where the equality holds at zero temperature. By computing both in terms of the response functions, we quantify their difference. The corresponding multipartite entanglement structures, as obtained from the Fisher information densities f Q = F/N are in stark contrast. For example, in systems possessing finite temperature phase transitions, we argue that F ETH diverges with system size at critical points (implying extensive multipartiteness of entanglement in the pure state), while it is only finite in the corresponding Gibbs ensemble [27, 28] . The second main result in this work is numerical. The explicit calculation of F ETH in a non-integrable model is an arduous task as it involves full diagonalization and data processing of off-diagonal matrix elements which exponentially increase with system size. We use state-ofthe-art and highly optimized exact diagonalization and data sorting routines to extract the universal features of these off-diagonal matrix elements, in order to compute the relevant correlation functions and the corresponding QFI densities. We study both F ETH and F Gibbs in the XXZ model with integrability breaking staggered field, unravelling the interesting behaviour of these quantities.
ETH and linear response.-The ETH ansatz for the matrix elements of observables in the eigenbasis of the Hamiltonian, is formally stated as
is the microcanonical entropy written in terms of the density of states ν(Ē) and R nm is a random variable with zero average and unit variance. Both O(Ē) and fÔ(Ē, ω) are smooth functions of their arguments. In particular, O(Ē) is the microcanonical average in a shell centered around energyĒ. Crucially, through the off-diagonal matrix elements, the function fÔ(Ē, ω) can be extracted, allowing the explicit calculation of non-equal correlation functions in time. The response function and the symmetrized noise are defined respectively as χÔ(
The expectation value of these correlation functions can be taken with respect to a single energy eigenstatê H|E n = E|E n and Fourier-transformed with respect to the time difference to be expressed in frequency domain. For local operators or sums of local operators, the spectral function Im[χÔ(E, ω)] = −χ Ô (E, ω) and SÔ(E, ω) can be approximated imposing the ETH [10, 13] . In the thermodynamic limit they read
These relations satisfy the fluctuation dissipation theorem (FDT) SÔ(ω) = 2 coth( βω 2 )χ Ô (ω). In this context, the inverse temperature is given by the thermodynamic definition β = ∂S(E)/∂E and it corresponds to the canonical temperature at the same average energy E = E n |Ĥ|E n = Tr(Ĥ e −βĤ )/Z. Quantum Fisher information and linear response.-So far the study of the consequences of ETH on entanglement has been restricted to the entanglement entropy [29, 30] . Let us now apply ETH to the quantum Fisher information F(Ô). This quantity was introduced to bound the precision of the estimation of a parameter φ, conjugated to an observableÔ using a quantum stateρ, via the so-called quantum Cramer-Rao bound ∆φ 2 ≤ 1/M F(Ô), where M is the number of independent measurements made in the protocol [31] . Most importantly, the QFI can be used to probe the multipartite entanglement structure of a quantum state. If, for a certainÔ, the QFI density satisfies
then, at least (m + 1) parties in the system are entangled (with 1 ≤ m ≤ N − 1 a divisor of N ) [25, 26] . In particular, if N − 1 ≤ f Q (Ô) ≤ N , then the state is called genuinely N -partite entangled. The QFI has key mathematical properties [21, 31, 32] , such as convexity, additivity, monotonicity, and, when maximized over all possible operators, it becomes an entanglement measure. Otherwise, different operatorsÔ lead to different bounds and there is no systematic method (without some knowledge on the physical system [27, 33] ) to chose the optimal one, which will typically be an extensive sum of local operators. For a general mixed state described by the density matrix ρ = n p n |n n| it was shown that [21]
with ∆Ô 2 = Tr(ρÔ 2 ) − Tr(ρÔ) 2 . The equality holds in the case of pure statesρ = |ψ ψ|.
Let us now contrast the QFI computed on a Gibbs ensemble with the one on a state for an operator satisfying ETH. When computed on the former Gibbs state with p n = e −βEn /Z in Eq. (5), it was shown that [27]
If in contrast one considers a pure eigenstate at the same temperature, i.e. with energy E = E n |Ĥ|E n = Tr(Ĥe −βĤ /Z) compatible with the average energy of a canonical state in the system, the QFI is
where SÔ(ω) in the previous equation is determined by the function fÔ(E, ω) appearing in Eq. (2) as described. Since SÔ(ω) evaluated explicitly from ETH is equivalent to its canonical counterpart, then the following result holds
This discussion has immediate consequences also for the QFI, and the entanglement structure, of asymptotic states in out-of-equilibrium unitary dynamics. In this framework, the expectation value of time dependent operators O(t) = ψ|Ô(t)|ψ (or of the correlation functions defined above) are taken with respect to an initial pure state |ψ , which is not an eigenstate of the HamiltonianĤ. Taking the long-time average to respect to the average time, provided there are no degeneracies or a subextensive number of them, we have that [34, 35] , being the diagonal ensemble defined asρ DE = |c n | 2 |E n E n | with c n = ψ|E n . See [36] for the details on the out-of-equilibrium setting.
For sufficiently chaotic Hamiltonians, the initial state |ψ is usually a microcanonical superposition around an average energy E = ψ|Ĥ|ψ
has a narrow distribution around E with small fluctuations
, where the first term represents fluctuations inside each eigenstatecomputed before in Eq. (7)-and the second is related to energy fluctuations. This observation, together with the bound (8), leads to
where the equality holds in the low temperature limit T → 0. These expressions set a hierarchy in the entanglement content of "thermal states" at the same temperature, yet of different nature (mixed/pure). Furthermore, via Eqs. (6)- (7), one can quantify this difference via
. Multipartite entanglement at thermal criticality.-The major difference between the ETH and Gibbs multipartite entanglement can be appreciated at critical points of thermal phase transitions, whereÔ in (5) is the order parameter of the theory. While it is well known that the QFI does not witness divergence of multipartiteness at thermal criticality, i.e. F Gibbs /N ∼ const. [27, 28] , on the other hand, the ETH result obeys the following critical scaling with the
where γ and ν are the critical exponents of susceptibility and correlation length of the thermal phase transition respectively and d is the dimensionality of the system [37] . Evaluation.-We now turn to the evaluation of Eq. (2) in the context of a physical system with a microscopic Hamiltonian description. Consider the anisotropic spin- 
whereσ ν i , ν = x, y, z, correspond to Pauli matrices in the ν direction at site i in a one-dimensional lattice with N sites defined with open boundary conditions (OBCs). In Eq. (11), ∆ corresponds to the anisotropy parameter and α modulates the spin-flipping term. The spin- XXZ chain corresponds to one of the canonical integrable models. We now add a strong integrability breaking perturbation in the form of a staggered magnetic field across the chain, with the Hamiltonian defined aŝ where b is the strength of the staggered magnetic field. Eq. (12) is the Hamiltonian of the staggered field model. This model is quantum chaotic with Wigner-Dyson level spacing statistics and diffusive transport [38] . The models described before commute with the total magnetization operator in the z direction, [Ĥ XXZ , iσ
Even with OBCs, parity symmetry is present in the system. We break this symmetry by adding a small perturbation δσ z 1 on the first site. To evaluate our results in the canonical ensemble and in the context of ETH, we proceed with the full diagonalization ofĤ SF in the largest U (1) sector, in which i σ z i = 0. We focus on the total staggered magnetizationÔ = i (−1) iσz i as our extensive observable, and compute all the matrix elements of O in the eigenbasis of the HamiltonianĤ SF (see [36] for an evaluation on a local, non-extensive observable).
Our starting point is to evaluate the expectation value ofÔ in the canonical ensemble and compare it with the ETH prediction. In the thermodynamic limit, a single eigenstate |E n with energy E suffices to obtain the canonical prediction: Ô = E n |Ô|E n =Tr(Ô e −βĤ )/Z, with an inverse temperature β that yields an average energy E. For finite-size systems, we instead focus on a small energy window centered around E of width 0.1 in order to average eigenstate fluctuations, where is the bandwidth of the Hamiltonian for a given N . Fig. 1 shows Ô as a function of temperature for two different system sizes, including N = 20, the largest system we have access to (Hilbert space dimension D = N !/[(N/2)!(N/2)!] = 184 756). The results exhibit the expected behavior predicted from ETH for finite-size systems: the thermal expectation value is well approximated away from the edges of the spectrum (low temperature, section highlighted in gray on Fig. 1) , and, moreover, the canonical expectation value is better approximated as the system size increases.
We now turn to the evaluation of F ETH and F Gibbs . The task requires to either compute SÔ(E, ω) or χ Ô (E, ω) in each respective framework. For the former, in the context of ETH, we can employ Eq. (2) which depends only on fÔ(E, ω). As before, we focus on a small window of energies and extract all the relevant offdiagonal elements ofÔ in the eigenbasis ofĤ SF . Fluctuations are then accounted for by computing a bin average over small windows δω, chosen such that the resulting average produces a smooth curve [see [36] for a detailed description on the extraction of e −S(E)/2 fÔ(E, ω)] [39, 40] . The procedure leads to a smooth function e −S(E) fÔ(E, ω), in which the first factor is a constant value with respect to ω. The entropy factor can be left undetermined in our calculations if we normalize the curve by the sum rule shown in Eq. (7), computed in this case from the ETH prediction of the expectation value of ∆Ô 2 . In the context of the canonical ensemble, SÔ(ω) can be explicitly evaluated by computing the thermal expectation value of the non-equal correlation function in the frequency domain, given by
In Fig. 2 we show SÔ(ω) for both the canonical ensemble for T = 5 and the corresponding ETH prediction normalized by the sum rule mentioned before. The sum rule is evaluated from the expectation values computed within both the canonical ensemble and ETH, correspondingly. It can be observed that the main features of the response function can be well approximated from the corresponding ETH calculation. For this particular case, however, the approximation is only marginally improved by increasing the system size. This behavior is expected given that overall fluctuations for extensive observables carry an extensive energy fluctuation contribution, as mentioned before [13] . The previous analysis unravels the agreement between the thermal expectation values of non-equal correlation functions in time and those predicted by ETH. From these results, as SÔ(ω) (and, consequently, χ Ô (ω) from the FDT) is well approximated by means of ETH, the inequality in Eq. (8) is satisfied.
Finally, we compute the QFI forÔ in our model within both contexts: F ETH and F Gibbs . The results are shown in Fig. 3 . The fluctuations in the ETH calculation of F ETH are inherited from the fluctuations of the predicted expectation value of ∆Ô 2 , which, as expected for finitesize systems, decrease away from the edges of the spectrum. Both predictions for the QFI, canonical and ETH, are equivalent at vanishing temperatures. Remarkably, the QFI predicted from ETH is finite at infinite temperature, while the QFI from the canonical ensemble in this Q. Fisher Inf.
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The quantum Fisher information and the corresponding density for different system sizes as a function of temperature in both the canonical ensemble (F Gibbs ) and corresponding ETH prediction (FETH). At infinite temperature ETH predicts the presence of multipartite entanglement while there is none in the canonical ensemble.
regime vanishes. Conclusions.-We have shown that the QFI detects the difference between a pure state satisfying ETH and the Gibbs ensemble at the corresponding temperature. The difference in their multipartite entanglement, which can be macroscopic in proximity of a thermal phase transition, is observed numerically in a XXZ chain with integrability breaking term, when the temperature grows toward infinity. This result suggests that although at a local level all thermal states look the same, a quantum information perspective indicates that there are many ways to be thermal. In this Supplementary Material, we first provide additional information on the numerical computations of F ETH . In Sec. I we report the details on the extraction of the ETH smooth functions from the matrix elements in the energy eigenbasis. In Sec. II, we show the corresponding results for a local operator. In Sec. III, we review some of the known results -relevant for our work-regarding the asymptotic Quantum Fisher Information (QFI) after quenched dynamics and the validity of fluctuation-dissipation theorem with ETH.
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I. EXTRACTION OF e −S(E) fÔ(E, ω) FROM THE OFF-DIAGONAL MATRIX ELEMENTS OF OBSERVABLES
In this section, we study the off-diagonal elements of local observables in the energy eigenbasis as a function of ω = E m −E n , where E k labels the k-th energy eigenvalue of the Hamiltonian. The appropriate analysis of these elements leads to the smooth function e −S(E) fÔ(E, ω), from which the non-equal correlation functions in time and, in turn, the quantum Fisher information (QFI) depend on according to the ETH prediction.
Our starting point is to select a target energy E, such that E = E|Ĥ|E = Tr(Ĥ e −βĤ )/Z, whereĤ is the Hamiltonian of the staggered field model from Eq. (12)(main text). In the thermodynamic limit, a single eigenstate |E and its corresponding off-diagonal overlaps withÔ suffice to compute the correlation functions according to the ETH prediction. For finite-size systems, however, we focus on a small window of energies centered around the target energy E of width 0.1 , where = E max − E min corresponds to the bandwidth of the Hamiltonian at a given system size. Presumably, all the eigenstates in this energy window contain approximately the same average energy.
To extract e −S(E) fÔ(E, ω), we compute the binned average of the samples. The binned average is computed using small frequency windows δω. The size of these windows is selected such that a smooth curve is obtained from the average and the resulting function is not sensitive to the particular choice of δω. This window of frequencies typically changes depending on the dimension of the magnetization subsector studied in our spin model.
1 . In Fig. 1 we present the absolute value of the offdiagonal elements of both the local magnetization operator in the middle of the chain and the total staggered magnetization. These matrix elements were computed for T = 5, N = 18 and an energy window of width 0.1 . The smooth black lines shown are binned averages for each corresponding observable. This average corresponds to e −S(E) fÔ(E, ω) up to a constant factor that can, in principle, be determined from finite-size scaling. Both this constant factor, however, as well as the entropy term, can be left undetermined in our calculations as they only affect the approximations on correlation functions on only constant values of ω. As explained in the main text and the next section, these correlation functions are defined under physical normalization conditions, allowing us to focus on the main ω dependence of fÔ(E, ω).
The binned average of the local observables from Fig. 1 exhibits an interesting exponential decay behavior at high frequencies, which has been observed in previous works [1] [2] [3] and is related to the universal exponential decay of two-point correlation functions in time for chaotic systems with a bounded spectrum 4, 5 . On the opposite side of the spectrum, at low frequencies, fÔ(E, ω) contains important features relevant to the long-time behavior of correlation functions. These frequencies are the most relevant for the response functions used in this work to evaluate the quantum Fisher information in the context of ETH.
II. FURTHER EVALUATION USING A LOCAL, NON-EXTENSIVE OBSERVABLE
In the main text we focused on the staggered magnetization, an extensive observable. In this Section we focus on the local magnetization in the middle of the chain
As before, our starting point is to evaluate the expectation value ofÔ in the canonical ensemble and compare it with the ETH prediction. The results are shown in Fig. 2 . The expectation value in the ETH framework is computed from the average of a small window of energies centred around E of width 0.1 , where is the bandwidth of the Hamiltonian for a given system size N . As in the main text, E is an average energy resulting from the expectation value of energy in the canonical ensemble with inverse temperature β, i.e, E = Tr(Ĥ e −βĤ )/Z, whereĤ is the Hamiltonian of the staggered field model from Eq. (12)(main text). As predicted by ETH for finitesize systems, the approximation is reliable away from the edges of the spectrum (low T , section highlighted in gray in Fig. 2 ) and fluctuations decrease as the system size is increased.
We can now compute the response functions forÔ. In the context of the canonical ensemble, the symmetric response function can be directly evaluated from
where p n = e −βEn /Z are the Boltzmann weights and n|Ô|n are the matrix elements ofÔ in the energy eigenbasis. We contrast this result with the corresponding prediction obtained from ETH, given by
where fÔ(E, ω) is extracted up to a constant entropy factor from the procedure described before. We can leave this factor undetermined in our calculations and use the sum rule to normalize the response function. For the local magnetization in the middle of the chain, the sum rule evaluates to
In Fig. 3 we show the response function in the context of the canonical ensemble and the corresponding ETH prediction for N = 16 and N = 20 at a temperature T = 5. The curves are normalized by the sum rule described before, in which the expectation value is taken in the corresponding framework. Unlike extensive observables, energy fluctuations in local intensive observables are subleading and only eigenstate fluctuations are relevant. Since eigenstate fluctuations decrease exponentially with system size, the ETH prediction better approximates the canonical response function as the system size is increased.
The susceptibility can be readily computed from the response function invoking the fluctuation-dissipation theorem
We show the results in Fig. 4 , in which the same features described before for the response function can be observed.
Now that we have shown the agreement between the ETH and the canonical ensemble predictions, we can compute the corresponding quantum Fisher information in each framework. As in the main text, within the canonical ensemble, F Gibbs is given by Eq. (5)(main text) while the corresponding ETH prediction F ETH is expressed in Eq. (7)(main text). The results are shown in Fig. 5 . The fluctuations in the ETH prediction are inherited from the fluctuations on the expectation value of ∆Ô 2 , which decrease away from low temperatures. In Fig. 5 , it can be observed that F ETH bounds from above the canonical prediction. For this particular case, the QFI is not a witness of multipartite entanglement since the quantity was computed on a local non-extensive observable. These results, however, show the expected behavior predicted in Eq. (8)(main text).
III. ASYMPTOTIC QFI, ETH AND FLUCTUATION DISSIPATION THEOREM
This Section is devoted to a review of some known results concerning the stationary properties of correlation functions, diagonal ensemble and eigenstates fluctuation's theorems. We will first consider the approach to the asymptotic value of time dependent response functions and time-averaged multipartite entanglement 6, 7 and discuss the relation between diagonal ensemble's fluctuations and single energy eigenstates 2 . We will then review the proof of the fluctuation-dissipation theorem (FDT) for single energy eigenstates 2 and extend it to the diagonal ensemble.
A. Asymptotic multipartite entanglement and single-eigenstates fluctuations
Let us consider the standard out-of-equilibrium quench protocol, where a pure quantum state |ψ -which is not an eigenstate of the HamiltonianĤ -undergoes a unitary dynamics |ψ(t) = e iĤt |ψ . The linear response function and the symmetrized noise, also defined in the main text, are given by
In the out-of-equilibrium setting these quantities do not in general depend on the time-difference t 1 − t 2 . However, one may still effectively analyze the dynamics with the new variables t 1,2 = T ± τ /2 (also know as Wigner coordinates) and Fourier transforming with respect to τ , restricted to |τ | ≤ 2T . In particular, one can obtain information about the stationary state attained at long times. Consider for example a two times correlation function, i.e. Ô (t 1 )Ô(t 2 ) , since Eqs.(6a-6b) are a combination of terms like this. One first writes it in the energy eigenbasis and than substitutes the Wigner coordinates t 1,2 = T ± τ /2. Indeed, by averaging over T , that
where · DE = Tr(ρ DE · ) and ρ DE is the so-called diagonal ensemble already defined in the main text
The same holds for the asymptotic values of the correlation functions (6a-6b)
Provided that the QFI attains an asymptotic value at long times, then the above discussion immediately implies that
where S DE (ω) is the Fourier transform to respect to τ of Eq.(9b) 7 .
The discussion so far has been completely general. We now ask the question about the fate of the asymptotic multipartite entanglement in the case ETH is satisfied, see Eq.(1)(main text). In the case of a sufficiently chaotic Hamiltonian, a generic initial state |ψ will be such that |c n | 2 has a narrow distribution around an average energy E = ψ|Ĥ|ψ , meaning that the energy fluctuations in the diagonal ensemble δ 2 E = ψ|Ĥ 2 |ψ − ψ|Ĥ|ψ 2 are sufficiently small, i.e. δ 2 /E 2 ∼ 1/N . Hence, the fluctuations of the operatorÔ over the diagonal ensemble
can be evaluated by a Taylor expansion of diagonal smooth function of the ETH around the mean energy
where n is the eigenstate corresponding to the mean energy E = E n . The fluctuations of any observable in a diagonal ensemble have essentially two independent contributions, the first coming from fluctuations within each eigenstate and the second from the energy fluctuations. For intensive observables, the second contribution becomes sub-leading (since E n |∆ 2Ô |E n ∼ 1, δ 2 E ∼ 1/N and O ∼ 1). For extensive observables -relevant for the QFI -these two contributions are of the same order (since E n |∆ 2Ô |E n ∼ N , δ 2 E ∼ 1/N and O ∼ N ) and fluctuations between different eigenstates might become relevant.
Hence, substituting back into Eq.(10) one gets Eq.(9)(main text), which is one of our main results. The multipartite entanglement of the asymptotic state for a quenched dynamics is always bounded by the contribution of the single eigenstate corresponding to the initial energy.
B. Derivation of FDT for a single eigenstate
In this Section, we review the derivation of the FDT for a single eigenstate (cf. Eqs.(2-3) of the main text), following Ref. [2] . Consider an energy eigenstate |E n , such that E n = E n |Ĥ|E n . Let us first focus on the symmetric correlation function SÔ(E n , t) = E n |{Ô(t),Ô(0)}|E n − 2 E n |Ô(t)|E n E n |Ô(0)|E n = m:m =n e i ωnmt + e −i ωnmt |R nm | 2 |fÔ(E n + ω mn /2, ω nm )| 2 e S(En+ωmn/2) ,
where we have used the matrix elements of ETH (cf. Eq.(1) of the main text) and E nm = E n + ω nm /2, E n = E m + ω nm . We now replace |R nm | 2 with its statistical average (unit) and each sum as an integral with the suitable density of states, m → ∞ 0 dE m e S(Em) = dωe S(E+ω) . We hence have SÔ(E n , t) = dω (e iωt + e −iωt )|fÔ(E n + ω/2, ω)| 2 e S(En+ω/2) .
Since f (E, ω) decays rapidly enough at large ω 5 , we can expand the exponent in powers of ω S(E + ω) − S(E + ω/2) = βω 2 − 3 8 ω 2 β 2 C + . . . , (16a)
fÔ(E + ω/2, ω) = fÔ(E, ω) + ∂fÔ ∂E ω 2 + . . .
where in the first line we have substituted the thermodynamic definitions of temperature β = S (E) and of heat capacity S (E) = −β 2 /C. They correspond to the actual physical quantities, since expectation values of observables in different ensembles are usually equal up to 1/N corrections in usual statistical mechanics. The same holds for ETH, since the latter is supposed to reproduce results of the former. Substituting back, we obtain SÔ(E n , t) = dω (e iωt + e −iωt )e βω/2−3β 2 ω 2 /8C |fÔ(E n , ω + ω/2)| 
We now take the thermodynamic limit C → ∞ and the ETH expression for the symmetric response function reads SÔ(E n , ω) = 4π |fÔ(E n , ω)| 2 cosh βω/2 + ω 2
∂|fÔ(E n , ω)| 2 ∂E sinh βω/2 .
Notice that, ifÔ is a local operator, or a sum of local operator also the term containing the energy derivative becomes irrelevant in the thermodynamic limit, leading to Eq.(2) in the main text.
We can now repeat all the same calculations for the Kubo susceptibility (6a). Substituting the matrix elements of ETH one first gets χÔ(E n , t) = −iθ(t) m:m =n e i ωnmt − e −i ωnmt |R nm | 2 |fÔ(E n + ω mn /2, ω nm )| 2 e S(En+ωmn/2) .
Then by substituting the average of the fluctuating part e the summations with integrals χÔ(E n , t) = −2 i θ(t) dω e iωt e −3β 2 ω 2 /8C |fÔ(E n , ω)| 2 sinh βω/2 + ω 2
∂|fÔ(E n , ω)| 2 ∂E cosh βω/2 .
If we now take the Fourier transform −i ∞ −∞ θ(t)e ixt = 1/(x + i0 + ) = P/x − iπδ(x), in the thermodynamic limit C → ∞, the ETH expression for the Kubo susceptibility (χ Ô (ω) = −ImχÔ(ω)) reads χ Ô (E n , ω) = 2π |f (E n , ω)| 2 sinh βω/2 + ω 2
